Abstract. We focus on the evaluation of the applicability of the classical and well-established linear polarimeter to the measurement of linear retardance in the presence of phase flicker. This analysis shows that there are large errors in the results provided by the linear polarimeter when measuring the linear retardance of a device. These errors depend on the specific retardance value under measurement. We show that there are some points where this limitation can be used to measure the fluctuation amplitude consistently. An elegant method is further proposed, enabling the measurement of the average retardance value, thus extending the applicability of the classical linear polarimeter. Experimental characterization results are provided for various electrical sequences addressed onto a parallel aligned liquid crystal on silicon (LCoS) display. Good agreement is obtained with experiment, thus validating the linear polarimeter methodology proposed. Furthermore, results are provided for the LCoS in two reflection geometries, perpendicular incidence with and without nonpolarizing beam splitter, demonstrating robustness of the method. As a result, the evaluation of both phase modulation range and flicker magnitude for any electrical sequence addressed can be easily obtained, which is very important for optimal use of LCoS displays in applications.
Introduction
Liquid crystal (LC) microdisplays have become a central device in a wide range of applications requiring spatial modulation of a wavefront, like in diffractive optics, 1 optical storage, 2 or optical metrology. 3 Liquid crystal on silicon (LCoS) displays have become the most attractive microdisplays for these applications due to their very high spatial resolution and very high light efficiency. 4, 5 However, several authors [6] [7] [8] [9] [10] [11] have detected that LCoS displays produce a certain amount of phase flicker and/or depolarization. Among the different LCoS technologies typically available, parallel aligned LCoS (PA-LCoS) are especially interesting since they allow easy operation as phase-only devices without coupled amplitude modulation. They can be thought of as variable linear retarders; therefore, for incident linearly polarized light along their neutral lines, no depolarization operation is available; however, they may still exhibit phase fluctuations. This is, for example, the case for digitally addressed devices 12 due to the pulsed nature of the voltage signal addressed. 13, 14 In these devices, if the digital sequence format is properly chosen, fluctuations can be significantly decreased to acceptable levels. 15 To this goal, a proper characterization not only of the phase modulation, but also of the amount of phase flicker in the optical signal needs to be done. This reasoning is not restricted to PA-LCoS devices, but it can be applicable, in general, to electrooptic variable linear retarders, such as the novel device proposed by Ramirez et al. 16 Different measurement methods have been proposed and demonstrated to characterize the phase-shift versus voltage in LCDs and LCoS devices. 12, 17, 18 Among these methods, the diffractive-based technique used by Lizana et al. in Refs. 12 and 17 allow for instantaneous phase-shift values measurement. In the case of parallel aligned devices, they are totally characterized by their linear retardance versus voltage values. Additional methods typically used in the characterization of wave plates become available to measure the linear retardance. The most popular are ellipsometric, polarimetric, and interferometric ones. In interferometric methods, we need a device introducing a carrier reference signal (heterodyne interferometry), such as an He-Ne Zeeman laser 19 or an electrooptic light modulator 20 working in the common-path geometry. 21 We can also have some element producing a phase-shift between the ordinary and extraordinary components of a beam (phase-shifting interferometry), such as a birefringent wedge. 22 Polarimetric methods of a high precision generally rely on null measurements, such as in the Senarmont compensator. 23, 24 Other methods are based on the variation of the intensity when we change the angle of the elements in the polarimeter. [25] [26] [27] [28] [29] One common property of all these methods is that they assume that the birefringence in the wave plate has a constant value, no fluctuations, during the measurement process. In the present work, we perform a complete analysis of the applicability of the linear polarimeter to the measurement of linear retardance in the presence of phase flicker. This deeper insight allows us to clearly define a valid and accurate methodology enabling the use of the classical linear polarimeter to a new range of samples. First, in Sec. 2 we show the basic theory for the linear polarimeter, its limitations, and its extension to samples exhibiting phase flicker. In Sec. 3, we proceed with the instantaneous and average measurements, using a PA-LCoS display and for various electrical sequences. We also consider two working geometries, with beam splitter and in quasiperpendicular incidence, in order to verify the validity of the measurements and technique in two typical configurations. Eventually, the main conclusions are given in Sec. 4. 
Limitations in the Presence of Instabilities
The total retardance Γ of a wave plate is given by
where λ is the wavelength of the incident light, ΔnðλÞ is the difference between the extraordinary and the ordinary index of the birefringent material (e.g., the LC) at this wavelength, and d is the thickness of the wave plate. In general, most of the measurement methods provide the retardance value Γ 0 modulo 2π, which is given by Γ ¼ Γ 0 þ m2π, where m is an integer, called the order of the wave plate. In the case of the zero-order wave plate, m ¼ 0 and Γ 0 ¼ Γ, which is the case in many LCoS since thinner devices produce a faster response.
The measurement method we propose is based on the linear polarimeter, [25] [26] [27] [28] [29] where the device under test, the linear retarder or wave plate, is situated between two linear polarizers (see Fig. 1 ), illuminated with a monochromatic laser source. In the basic configuration, there is a radiometer at the output of the polarimeter.
By means of the procedure developed in Refs. 15 and 29, we know that a robust measurement of the retardance value Γ is obtained from intensity measurements for polarizers with their transmission axis oriented at AE45 deg with respect to the neutral lines of the wave plate. The polarizers can still be parallel or perpendicular to each other, thus producing, respectively, the following intensity measurements:
The retardance value is contained in the cosine function, which can be properly isolated.
Finally, the retardance value Γ is given as
Measurements given in Eqs. (2) and (3) are probably the most typically used ones to obtain the retardance in linear retarder devices. Next, we want to analyze the range of applicability of the classical linear polarimeter in the presence of instabilities or fluctuations in the linear retardance. To incorporate them, let us consider a triangular profile for the variation of retardance with time ΓðtÞ (see Fig. 2 ). This is a reasonable assumption in the case of PA-LCoS as can be seen from the instantaneous measurement plots that we show in Sec. 3.1., which as a first approximation exhibit a triangular shape. Furthermore, the triangular time-dependent profile represents actually a linear model; thus, the first option to try before more complex approaches may be proven necessary. The triangular profile can be analytically expressed by the following equation: whereΓ and a are, respectively, the values for the average retardance and its fluctuation amplitude, and T is the period for the fluctuation instability.
To calculate the average value in Eqs. (2) and (3), we average the cosine and obtain hcos ΓðtÞi ¼ sinðaÞ a cosðΓÞ;
where we appreciate the appearance of the sin c term modulating the cosine function. Equations (2) and (3) may be rewritten in terms of the average value and the fluctuation amplitude as follows:
Let us now combine Eqs. (8) and (9) to remove the normalization factor to obtain the following expression:
Eventually, the average retardanceΓ is obtained by inverting Eq. (10).
In the case when no fluctuations exist (a ¼ 0 o ), Eqs. (8) to (11) transform into the classical results already given in Eqs. (2) to (5) .
To analyze the range of validity for the classical linear polarimeter in the presence of phase flicker, we perform the following simulated experiment. We apply Eqs. (8) and (9) to calculate the experimental intensity values measured in the presence of fluctuations in the retardance. The retardance value is recovered using Eq. (5), which is the classical expression that does not take into account the existence of fluctuations. Analytically, the simulated experiment consists of applying Eq. (5) onto the experimental result given by Eq. (10), that is,
whereΓ calc is the calculated retardance, andΓ true and a are the input values considered for the retardance and fluctuation, respectively. In Fig. 3 , we show the calculated retardanceΓ calc as a function of the true retardanceΓ true , and for various fluctuation amplitudes a, indicated on the plot. In Fig. 3 , we represent the wrapped phase values in the range 0 to 180 deg, which is the definition dominium for the cos −1 function in Eq. (12) . First thing we note is that maxima and minima, the extremals, in the calculated retardance occur at values multiple of 180 deg of the true retardance independent of the flicker magnitude. We observe that there exist clear deviations between the calculated and the true retardance, and the amount of this deviation varies largely as a function of the true retardance value. The deviations magnify at true retardance values multiple of 180 deg. Outside of these points and if the fluctuation amplitude is not very large, we find that the calculated values are very close to the true retardance values. This allows us to say that the classical method may still be valid in many cases. We note that, in general, the fluctuation amplitude is not known, thus making impractical the application of Eq. (11), which, according to the linear model developed, should provide the correct values for the retardance. Then it is necessary to develop a method to calculate the amplitude of the phase flicker. This is done in the next section.
Extended Linear Polarimeter for Phase Flicker Characterization
We have seen in Fig. 3 that maxima and minima, extremal points, in the calculated retardance occur at values multiple of 180 deg of the true retardance independent of the flicker magnitude. This invariance allows the a priori knowledge for the average retardance at these points, enabling to calculate the magnitude of the fluctuation amplitude a at these maxima and minima. This can be easily deduced from a close examination of Eq. (10) . From this expression we see that, in general, the intensity measurements are both dependent on the average retardanceΓ and the fluctuation amplitude a; thus they cannot be uncoupled with only the parallel and crossed polarizers intensity measurements. Yet at the extremals, the retardance value is known; it is a multiple of 180 deg, and the intensity measurements become only dependent on the fluctuation amplitude a; then its value can be obtained. Afterward the amplitude a can be introduced in Eq. (11) to produce a more accurate estimation of the average retardanceΓ.
To obtain the fluctuation amplitude a, the deviation between calculated and true retardance values can be used. If we apply Eq. (11) at the extremals, where the true retardance value is multiple of 180 deg, we find that the absolute retardance difference Γ diff between the calculated and the true retardance value is given by 
Let us represent in Fig. 4 (a) the absolute retardance difference Γ diff [Eq. (13)] as a function of the fluctuation amplitude a. We see that for a fluctuation amplitude range till 110 deg, which is a reasonably high value, the retardance difference Γ diff increases with a high linearity (dashed line; fitting equation written on the plot). If the coordinates for the values in Fig. 4(a) are reversed, then we obtain Fig. 4(b) . This plot enables to estimate the magnitude of the fluctuation a from the value of the retardance difference Γ diff exhibited at the extremals. For the retardance difference range considered, the relation is highly linear. On the figure we show (dashed line) the linear fit to the curve. For the sake of completeness, we show the squared correlation factor, which is very close to one. Using this linear relation, we can quantitatively obtain the magnitude of the fluctuation from the value of Γ diff .
We note that other alternatives to estimate the magnitude of the fluctuation amplitude are possible, such as in Ref. 15 . However, some advantages are given by the procedure given in this paper, which is based on the discussion of the simulated experiment presented in Fig. 3 . On one side, we play directly with the retardance values, what offers a direct insight to estimate how accurate the retardance returned by the classical linear polarimeter procedure may be. This can be qualitatively inferred from the deviation between calculated and true retardance in Fig. 3 . On the other side, the quantitative applicability of the technique, when calculating the fluctuation amplitude, is greatly enhanced since we can work with linear relations, as we have seen in Fig. 4(b) . Once the amplitude of the fluctuation a has been obtained, then Eq. (11) can be used to obtain the average retardanceΓ.
Results and Discussion

Experiment
We consider the characterization of a PA-LCoS in two of the typical working geometries:
31 perpendicular incidence with a beam splitter in front and quasiperpendicular incidence (no beam splitter is necessary in front of the LCoS). In Fig. 5 , the experimental setup for the case with the beam splitter in front of the LCoS is presented. It basically consists of a light source (He-Ne laser producing linearly polarized light at λ ¼ 633 nm), the device under test (reflective LCoS), and the necessary input and output linear polarizers, which are used in parallel or crossed configuration, and some intensity measuring device (radiometer). A quarter wavelength wave plate is added after the laser to assure that enough intensity passes through the first polarizer. We introduce two nonpolarizing cube beam splitters (NPBS, model 10BC16NP.4, from Newport): one of them to separate the incident and reflected beams from the LCoS and the other to enable amplitude division with a 50∕50 ratio of the reflected beam so that crossed and parallel intensity can be measured simultaneously (thus, two radiometers are introduced). This further enables synchronized measurement of the instantaneous parallel and crossed polarizer intensity values simply by connecting the two radiometers to the two channels of an oscilloscope (shown in the figure). The same setup is therefore valid for the characterization of the average and the instantaneous values. For the other working geometry considered in this work, quasiperpendicular incidence, the only change introduced is the removal of the beam splitter in front of the LCoS, and the beam impinges quasiperpendicularly onto the LCoS so that the incident and reflected beams become spatially separated.
In the experiments performed, the input polarizer transmission axis is at þ45 deg to the vertical of the lab, which is the x axis of our reference system as shown in Fig. 1 . The director for the liquid crystal (i.e., the extraordinary axis) in the LCoS is oriented along the horizontal, i.e., at þ90 deg with respect to the x axis. The director axis in nematic filled devices, as it is the case for our LCoS, typically corresponds to the slow axis. In the first working geometry, light impinges perpendicularly onto the LCoS and onto the two beam splitters. Perpendicular incidence onto the beam splitters is important so that they do not introduce polarization effects on their own. In the second working geometry, the beam splitter in front of the LCoS is removed and the beam incides at quasiperpendicular incidence (∼3 deg). Typically the angular uncertainty on the orientation of the input and output polarizers with respect to the neutral lines of the LCoS can be considered AE1 deg.
We note that the method proposed in Sec. 2 can be applied to any electrooptic variable linear retarder. In this paper, we focus our attention on phase-only LCoS devices. We consider a modern electrically controlled birefringence LCoS display. Some of its technical specifications are as follows: Optical Engineering1920 × 1080 pixels, 0.7" diagonal, 8.0 μm of pixel pitch, and with a fill factor of 87%. It is a digitally addressed LCoS device. Different digital addressing sequences 13, 14 can be generated by the driver electronics. In particular, we will evaluate three addressing sequences, whose configuration files are provided with the software for the display, whose labels indicate their main properties: 18-6 default, 18-6 2pi linear 633 nm, and 5-5 2pi linear 633 nm. The first number indicates the quantity of equally weighted bit-planes, and the second number the quantity of binary bit-planes. 13 This means that the sequence 18-6 is longer than the one corresponding for the sequence 5-5. In principle, for shorter sequences, the flicker gets smaller. 13 However, a larger sequence provides a larger number of possible phase levels: ð18 þ 1Þ × 2 6 ¼ 1216 for the sequence 18-6 and ð5 þ 1Þ × 2 5 ¼ 192 for the sequence 5-5. In principle, the sequences 18-6 2pi linear 633 nm and 5-5 2pi linear 633 nm have been, respectively, optimized for the wavelength 633 nm to provide a phase depth of 2π radians, and quite a linear relation between phase value and gray level. Sequence 18-6 default is a nonoptimized configuration, where the applied voltage range is not restricted to provide a 2π radians phase depth and reduction of fluctuations have not been taken care of. Therefore, it is a good configuration to test the theory and methodology presented in the paper. Using these three different sequences, we can evaluate different levels of flicker and ranges of retardance.
Instantaneous Retardance Measurements
As previously stated, the experimental setup enables the synchronized measurement of the parallel and crossed polarizer intensities in real time, connected to a two-channel oscilloscope. Thus, we can obtain the instantaneous retardance value as a function of time for a fix gray-level value. This real-time capability is interesting in order to evaluate the profile for the instabilities. Furthermore, the instantaneous values can be used to calculate the average retardance and its amplitude fluctuation, and these values can be compared with the ones obtained applying the extended linear polarimeter approach presented in Sec. 2.
In particular, we have proceeded with the measurement of the instantaneous retardance for a series of gray levels (0, 100, 200, and 255), which sample the applicable voltage range. Results are shown in Figs. 6(a) to 6(c), respectively, for the sequences 18-6 default, 18-6 2pi linear 633 nm, and 5-5 2pi linear 633 nm for the first working geometry (with NPBS), and in Figs. 6(d) to 6(f) for the second working geometry (quasiperpendicular). We obtain that the time period (frequency) for the fluctuations in our PA-LCoS device is 8.66 ms (120 Hz). In the different plots we see that there are no visible oscillations for gray level 0. For the other gray levels, the periodic temporal evolution actually resembles in a first approximation a triangular profile, as considered in the model according to Fig. 2 , even though, in general, the profile is composed of various subpeaks within each period, probably due to the pulsed nature of the digital sequence applied. This substructure varies for the various gray levels within a graph. It is also visible that the amplitude of the oscillations is smaller for the sequence 5-5 2pi linear 633 nm and clearly larger for 18-6 default. Actually, in the latter sequence, the oscillations clearly expand out of 0 to 180 deg dominium of definition for the cos −1 function: they are represented as folded against the 0-deg ordinate and 180-deg ordinate since we do not have a consistent criterion to unfold the values. Comparison between the results for the two working geometries show that basically the values obtained are not influenced by the insertion of the NPBS (first working geometry) or by the nonperpendicular incidence (second working geometry).
From the measurements in Fig. 6 , we have elaborated Table 1 , where we show quantitative values for the average retardance and its corresponding fluctuation amplitude, calculated as the half peak-to-peak amplitude of the temporal oscillation. No results are shown for the sequence 18-6 default since we do not have a consistent criterion to unfold the retardance values to obtain the average retardance and its amplitude. The same happens for some of the gray levels for Optical Engineeringthe two sequences presented in Table 1 . We see that fluctuation amplitude increases with the gray level. Values of retardance and fluctuation are, in general, quite similar between the two working geometries. Fluctuation is slightly larger for the sequence 18-6 2pi linear 633 nm in comparison with the sequence 5-5 2pi linear 633 nm.
Average Retardance and Flicker Evaluation
Typically, intensity measurements provided by radiometers correspond to the integrated value in a time interval much larger than the few milliseconds period observed in the fluctuating signals in Fig. 6 . In Figs. 7(a) and 7(c) , we show this averaged intensity values measured for parallel (continuous) and crossed (dashed) polarizers as a function of gray level applied to the LCoS and for the three electrical sequences. Using these curves and applying Eq. (5), we obtain the calculated average retardance represented in Figs. 7(b) and 7(d). First and second rows correspond, respectively, to the NPBS and to the quasiperpendicular working geometries. The analysis of the intensity curves (first column) was the focus of the work we presented in Ref. 15 . In the present paper, we get a more complete and straightforward analysis by focusing on the retardance results (second column). We see that the calculated retardance oscillates with maxima and minima clearly separated from values 0 or 180 deg, which according to simulation in Fig. 3 indicate the existence of phase fluctuations. Retardance difference Γ diff at maxima and minima is larger for the sequence 18-6 default when compared with the other two sequences, indicating that fluctuations are also larger. We also see that there is an additional extremal for the sequence 18-6 default, which means that the retardance range is 180 deg larger than for the other two sequences. We note the quantization steps in the case of the sequence 5-5 2pi linear 633 nm, more visible in Fig. 7(a) , due to the limited number of levels, which is <256. In the case of the sequence 18-6 default, we observe a series of peaks in the gray-level interval of 150 to 200, which is probably reflecting the switching off and on of different bits in the pulsed signal as the gray level is increased.
From the retardance difference Γ diff at the extremals and taking into account the linear equation in Fig. 4(b) , we can obtain an estimation of the fluctuation amplitude. In Table 2 , we show under the column "average values" both the retardance difference Γ diff and the estimated fluctuation amplitude at the various extremals, whose gray-level position is indicated in parentheses. The values are given for the three sequences and for the two working geometries. Let us comment the results for the NPBS geometry. We see that at the first extremal, fluctuations are small. In the second extremal, the sequence 18-6 2pi linear 633 nm contains a Table 2 , next we measure the instantaneous retardance values, as done in Sec. 3.1, applying the gray levels where the extremals are located. In Figs. 8(a) and 8(b) , respectively, for the first and second working geometries, we show the temporal evolution of the retardance for each of the sequences at the gray levels where the second extremal is produced, indicated on the figure. The oscillation amplitude is larger for the sequence 18-6 default. We note that the results shown in Fig. 8 are the folded values against the 0-deg ordinate. In these figures, we have a criterion to unfold the instantaneous retardance since we know that the average value is in any case close to 0 deg; thus half of the peaks should be folded against the 0-ordinate axis. Taking this into account, the fluctuation amplitude actually corresponds to the peak value in each of the curves. These values are written in the column "inst. values" in Table 2 . When comparing the results in column "average values" and "inst. values," we see that there is a good agreement between the fluctuation amplitude obtained with the (11) to calculate the average retardance. What we do is to extrapolate the fluctuation amplitude value calculated from the extremals to a wider gray-level range: the fluctuation amplitude value from the first extremal is considered to be roughly valid until half of the gray-level distance between the two extremals, and from there, the value from the second extremal is the one considered valid, and so on.
In Figs. 9(a) to 9(c), we show, respectively, for the three sequences the average retardance value calculated with this procedure as a function of the gray level. They correspond to the "corrected" curve (continuous line) in the legend. The "uncorrected" (dashed line) correspond to the calculated retardance already plotted in Figs. 7(b) and 7(d). In the graphs we plot the results for the two working geometries considered, NPBS and quasiperpendicular. In the case of the sequence 18-6 default [ Fig. 9(a) ], deviations are very large between corrected and uncorrected curves for most of the gray-level range. However, in the case of the sequences 18-6 2pi linear 633 nm and 5-5 2pi linear 633 nm [Figs. 8(b) and 8(c)], deviations are only encountered in the proximity of the extremals, which means that applicability of the classical expression given in Eq. (5) may still be possible in many situations in spite of the existence of phase flicker. We also appreciate that results obtained for both working geometries practically overlap. This indicates that polarization effects produced by the NPBS in front of the LCoS and obliquity effects in the case of quasiperpendicular incidence are very small. Therefore, the extended linear polarimeter technique we have proposed in the paper is a robust method to obtain the average linear retardance for devices exhibiting fluctuations or instabilities in their linear retardance.
Conclusions
We have shown the applicability of the classical and wellestablished linear polarimeter to the measurement of linear retardance in the presence of phase flicker. This analysis shows that there may exist large errors in the results provided by the linear polarimeter when measuring the linear retardance of a device. However, these errors depend on the specific retardance value under measurement, being a maximum when at retardance points multiple of 180 deg. We show that these specific points, instead of being a limitation, offer the opportunity to measure the fluctuation amplitude consistently. An elegant method is further proposed enabling the measurement of the average retardance value, thus extending the applicability of the classical linear polarimeter to a new range of samples. The method is both simple and does not require especial or expensive equipment. Validation of the technique has been accomplished with a setup enabling both average and instantaneous retardance measurements. We have analyzed the applicability of the technique for two different working geometries enabling to separate incident and reflected beams. Results obtained indicate that polarization effects produced by the NPBS in front of the LCoS and obliquity effects in the case of quasiperpendicular incidence are very small. Therefore, the extended linear polarimeter technique we have proposed in the paper is a robust method to obtain the average linear retardance for devices exhibiting fluctuations or instabilities in their linear retardance. As a final remark, specifically for the LCoS analysis performed, we note that the sequences considered in this work enable to attain a dynamic retardance range of 360 deg or even larger. In the case of the sequence 5-5 2pi linear 633 nm, the amplitude of the fluctuations is basically <30 deg. In the case of blazed gratings, this enables diffraction efficiencies >95% [see the work of Lizana et al., 18 Fig. 3(b) ]. Therefore, existence of fluctuations is not in itself a problem. Proper characterization enables to find the optimal sequence as shown in the paper.
